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Abstract. In this paper, we have introduced the notion of F-fuzzification in F- 
AG-groupoids which is in fact the generalization of fuzzy AG-groupoids. We have 
studied several properties of an intra-regular F-AG**-groupoids in terms of fuzzy 
F-left (right, two-sided, quasi, interior, generalized bi-, bi-) ideals. We have proved 
that all fuzzy F-ideals coincide in intra-regular F-AG**-groupoids. We have also 
shown that the set of fuzzy F-two-sided ideals of an intra-regular F-AG**-groupoid 
forms a semilattice structure. 
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L Introduction 

Abel-Grassmann's groupoid (AG-groupoid) is the generalization of semigroup 
theory with wide range of usages in theory of flocks [12] . The fundamentals of this 
non-associative algebraic structure was first discovered by M. A. Kazim and M. 
Naseeruddin in 1972 4 . AG-groupoid is a non-associative algebraic structure mid 
way between a groupoid and a commutative semigroup. It is interesting to note 
that an AG-groupoid with right identity becomes a commutative monoid ^8j. 

After the introduction of fuzzy sets by L. A. Zadeh jTT] in 1965, there have been 
a number of generalizations of this fundamental concept. A. Rosenfeld [13] gives 
the fuzzification of algebraic structures and give the concept of fuzzy subgroups. 
The ideal of fuzzification in semigroup was first introduced by N. Kuroki 

The concept of a F-semigroup has been introduced by M. K. Sen [T3] in 1981 
as follows: A nonempty set S is called a F-semigroup if xay G S and (xay)f3z — 
xa{yl3z) for all x,y,z e S and G F. A F-semigroup is the generalization of 
semigroup. 

In this paper we characterize F-AG**-groupoids by the properties of their fuzzy 
F-ideals and generalize some results. A F-AG-groupoid is the generalization of 
AG-groupoid. Let S and F be any nonempty sets. If there exists a mapping 
S y. T ^ S S written as {x^a,y) by xay, then S is called a F-AG-groupoid if 
xay e S such that the following F-left invertive law holds for all x,y,z G S and 

a, Per 

(1) {xay)l3z — [zay)Px. 
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A F-AG-groupoid also satisfies the F-medial law for all w,x,y, z G S and a, /3, 7 S 

r 

(2) {wax)l3{yjz) — (way)j3(x^z). 

Note that if a F-AG-groupoid contains a left identity, then it becomes an AG- 
groupoid with left identity. 

A F-AG-groupoid is called a F-AG**-groupoid if it satisfies the following law for 

all x,y, z £ S and a, /3 G F 

(3) xa{yf3z) = ya{xPz). 

A F-AG**-groupoid also satisfies the F-paramedial law for all w,x,y,z e S and 
a,^,7 e F 

(4) {wax)(5{yjz) — {zay)j3{xjw). 

2. Preliminaries 
The following definitions are available in [15] . 

Let 5 be a F-AG-groupoid, a non-empty subset yl of S" is called a F-AG- 
subgroupoid if ajb € A for all a, b € A and 7 g F or if ATA C A. 

A subset A of a F-AG-groupoid S is called a F-left (right) ideal of S if ST A C A 
{ATS C A) and A is called a F-two-sided-ideal of S if it is both a F-left ideal and 
a F-right ideal. 

A subset A of a F-AG-groupoid S is called a F-generalized bi-ideal of S if 
{ATS) TA C A. 

A sub F-AG-groupoid A of a F-AG-groupoid S is called a F-bi-ideal of S if 
{ATS) TA C A. 

A subset ^ of a F-AG-groupoid S is called a F-interior ideal of S if (S'FA) TS C A. 
A subset ^ of a F-AG-groupoid S is called a F-quasi-ideal of S" if ST An ATS C ^. 

A fuzzy subset / of a given set 5 is described as an arbitrary function / : S — > 
[0, 1], where [0, 1] is the usual closed interval of real numbers. 
Now we introduce the following definitions. 

Let / and g be any fuzzy subsets of a F-AG-groupoid S, then the F-product 
f Or g is defined by 

f V {f{b)^g{c)},if3b,ceS3 a = bac where a eT. 

if °r g) (a) = < "^=bac 

[ 0, otherwise. 

A fuzzy subset / of a F-AG-groupoid S is called a fuzzy F-AG-subgroupoid if 
f{xay) > f{x) A f{y) for all x, y G S and a G F. 

A fuzzy subset / of a F-AG-groupoid S is called fuzzy F-left ideal of S if f{xay) > 
f{y) for all x, y £ S and a £T. 

A fuzzy subset / of a F-AG-groupoid 5* is called fuzzy F-right ideal of S if 
f{xay) > f{x) for all x, y & S and a eT. 

A fuzzy subset / of a F-AG-groupoid S is called fuzzy F-two-sided ideal of S if 
it is both a fuzzy F-left ideal and a fuzzy F-right ideal of S. 

A fuzzy subset / of a F-AG-groupoid S is called fuzzy F-generalized bi-ideal of 
5' if f{{xay)Pz) > f{x) A f{z), for all a;, y and z e S and a, /3 € F. 

A fuzzy F-AG-subgroupoid / of a F-AG-groupoid S is called fuzzy F-bi-ideal of 
S if f{{xay)l3z) > f{x) A /(z), for aU x, y and z e S" and a, ,3 G F. 
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A fuzzy subset / of a F-AG-groupoid S is called fuzzy F-interior ideal of S if 
f{{xay)j3z) > f{y), for all x, y and z e S* and a,/3 e F. 

A fuzzy subset / of a F-AG-groupoid S is called fuzzy F-interior ideal of 5* if 
(/or 5)n(5or /) C/. 

3. F-FUZZIFICATION IN F-AG-GROUPOIDS 

Example 1. Let S = {1,2,3,4,5,6,7,8,9}. The following multiplication table 
shows that S is an AG-groupoid and also an AG-band. 

123456789 



Clearly S is non-commutative and non-associative because 23 32 and (42)3 ^ 
4(23). 

Let F = {a, /?} and define a mapping S'xFxS'-^ 5 by aab = a^b and a/3b = ab^ 
for all a,b € S. Then it is easy to see that 5* is a F-AG-groupoid and also a F- AG- 
band. Note that S is non-commutative and non-associative because 9al ^ la9 and 
(6a7)/38 ^ 6a(7/38). 

Example 2. Lef F = {1,2,3} and define a mapping IjxTxZ^Zby a/3b — 
b — /3 — a — /3~z for all a,b, z ^ Z and /? € F, where " — " is a usual subtraction 
of integers. Then 1, is a T- AG-groupoid. Indeed 

{apb)^c — {b — (5 — a — (3 — z)^c = c — j — {b — (5 — a — j3 — z)— j — z 
= c--^-b + l3 + a + l3 + z-"f-z = c-b + 2j3 + a-2"i. 



and 

{cl3b)ja 



- 7 - 
■7- 



[b-p 



a - 27 



7 ' 
- c 



{b~/3 — c^f3 — z)"fa — a 
= a-7-fe + /3 + c + /3-f z- 
= c- 6 + 2/3 + a- 27. 

Which shows that {a/3b)jc — {cl3b)^a for all a, &, c G Z and /3, 7 G F. This 
example is the generalizaion of a F-AG-groupoid given by T. Shah and L Rehman 
(see [11]). 

Example 3. Assume that S is an AG-groupoid with left identity and letV = {1}. 
Define a mapping S x T x S ^ S by xly — xy for all x,y € S, then S is a T- 
AG-groupoid. Thus we have seen that every AG-groupoid is a T -AG-groupoid for 
F = {1}, that is, T-AG-groupoid is the generalization of AG-groupoid. Also S is a 
T-AG** -groupoid because xl{ylz) — yl{xlz) for all x,y,z € S. 

Example 4. Let S be an AG-groupoid and F = {1}. Define a mapping S xT x S ^ 
S by xly = xy for all x,y G S, then we know that S is a T-AG-groupoid . Let L 
be a left ideal of an AG-groupoid S, then STL — SL C L. Thus L is T-left ideal 
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of S. This shows that every T-left ideal of T-AG-groupoid is a generalization of a 
left ideal in an AG-groupoid {for suitable T). Similarly all the fuzzy T -ideals are the 
generalizations of fuzzy ideals. 

By keeping the generalization, the proof of Lemma [1] and Theorem [1] are same 
as in [S]. 

Lemma 1. Let f he a fuzzy subset of a T-AG-groupoid S, then S op / = /. 

Theorem 1. Let S be a T-AG-groupoid, then the following properties hold in S. 

(*) (/ °r g) oy h ^ {h Op g) Op / for all fuzzy subsets /, g and h of S. 
(ii) (/ Op g) Op (/i Op k) = (/ op h) op (g op k) for all fuzzy subsets /, g, h and k 
of 5. 

Theorem 2. Let S be a T -AG** -groupoid, then the following properties hold in S. 

(*) / °r {g °T h) — g Op (/ Op h) for all fuzzy subsets /, g and h of S. 
[ii) (/ Op g) Op {h op k) = (k op h) op [g op /) for all fuzzy subsets /, g, h and k 
of 5. 

Proof, (i) : Assume that x is an arbitrary element of a r-AG**-groupoid S and 
let a, /3 e r. If X is not expressible as a product of two elements in S, then 
(/ °r {g Or h)) {x) = = (g Op (/ op h)) (x). Let there exists y and z in 5 such that 
X — yaz, then by using (3), we have 

((/°rg)op(/iopfc))(x) = V {{forg){y)h{hork){z)} 



= y {y {/(p) A 5(9)} A v {h{u)Ak{v)} 

x—yaz I y—p/Sq z—wyv 

V {f{p)Ag{q)Ah{u)Ak{v)} 

x—(p/3q)(y.{u'yv) 

V {k{v) A hiu) Ap gig) A /(p)} 

x—{vPu)a(q-yp) 

= V I V {Hv)Ah{u)}A V {g{q)Af{p)} 

x=man I m=vf}u n=qip 

= V {(fc°r/i)(m)A(gop/)(n)} 

X— man 

= ((fc Op h) Op (g Op /)) (x). 

If z is not expressible as a product of two elements in 5", then (/ op [g op h)) (x) = 
= (g Or (/ Or h)) {x). Hence, (/ op {g op h)) {x) = {g op (/ op h)) (x) for ah x in 
S. 

(ii) : If any element cc of 5 is not expressible as product of two elements in S at 
any stage, then, ((/ op g) op (h op fc)) (x) — — {{k op h) op ((7 op /)) (x). Assume 
that a, /3, 7 G F and let there exists y, z in S such that x — yaz, then by using (4), 
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we have 

{{f org) or (hark)) (x) = \/ {{f or g) (y) A {h or k) (z)} 

x—yaz 

= V I V {/(P) A. 9(9)} A V {M^)Afc(«)} 

X—yaz I y—pPq z—wyv 

V {fip)Agiq)Ahiu)Akiv)} 

x—[pl3q)a(u'yv) 

V {k{v)Ah{u)Arg{q)Af{p)} 

x—{vPu)a{q-yp) 

= V I V {Kv)AHu)}A V {ff(9)A/(p)} 

x—man I "rn—vfiu n—qjp 

= V {(^°r/i)MA(.gor/)(n)} 

a:— man 

= ((fcor /i) Or (gor /)) (x). 



□ 

By keeping the generahzation, the proof of the following two lemma's are same 
as in [7]. 

Lemma 2. Let f be a fuzzy subset of a T-AG-groupoid S, then the following 
properties hold. 

(i) / is a fuzzy F-AG-subgroupoid of S if and only ii f op f C f. 

(ii) / is a fuzzy F-left (right) ideal of S if and only if 5 op / C / (/ op S C /). 
(Hi) / is a fuzzy F-two-sided ideal of S if and only ii S or f C f and f or S C f. 

Lemma 3. Let f be a fuzzy T -AG-subgroupoid of a T-AG-groupoid S , then f is a 
fuzzy T-bi-ideal of S if and only if (/ op S*) op / C /. 

Lemma 4. Let f be any fuzzy T-right ideal and g be any fuzzy T-left ideal of 
T-AG-groupoid S , then f Cl g is a fuzzy T -quasi ideal of S. 

Proof. It is easy to observe the following 

((/ n g) op S) n (5 op (/ n g)) C (/ op s) n {S or g)Cfn g. 

□ 

Lemma 5. Every fuzzy T-quasi ideal of a T-AG-groupoid S is a fuzzy T-AG- 
subgroupoid of S. 

Proof. Let / be any fuzzy F-quasi ideal of S, then /op/ C forS, and /op/ C Sorf, 
therefore 

forfCforSnSorfCf. 
Hence / is a fuzzy F-AG-subgroupoid of S. □ 

A fuzzy subset / of a F-AG-groupoid S is called F-idempotcnt, if / op / = /. 

Lemma 6. In a T-AG-groupoid S, every T -idempotent fuzzy T-quasi ideal is a 
fuzzy T-bi-ideal of S . 
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Proof. Let / be any fuzzy F-quasi ideal of 5, then by lemma EJ / is a fuzzy F-AG- 
subgroupoid. Now by using (2), we have 

(/ Or -S) Op / C {S Or 5) Op / C 5 Or / 

and 

(/or 5*) Or/ = (/ Or 5) Or (/ Or /) = (/ Or /) Or (5* Or /) 
C / Or (5 Or 5) C / or S. 

This implies that (/ or 5) or / C (/ or S) n (5 or /) C /. Hence by lemma [3l / 
is a fuzzy F-bi-idcal of S. □ 

Lemma 7. In a T-AG-groupoid S , each one sided fuzzy T-{left, right) ideal is a 
fuzzy T-quasi ideal of S. 

Proof. It is obvious. □ 

Corollary 1. In a T-AG-groupoid S, every fuzzy T-two- sided ideal of S is a fuzzy 
T-quasi ideal of S. 

Lemma 8. In a T-AG-groupoid S, each one sided fuzzy T-{left, right) ideal of S is 
a fuzzy T-generalized bi-ideal of S . 

Proof. Assume that / be any fuzzy F-left ideal of 5*. Let a,b,c&S and let a, /3 e F. 
Now by using (1), we have f{{aab)l3c) > f{{cab)(ia) > f{a) and f{{aab)(3c) > f{c). 
Thus f{{aab)f3c) > f{a) A /(c). Similarly in the case of fuzzy F-right ideal. □ 

Lemma 9. Let f or g is a T-idempotent fuzzy T-quasi ideal of a T-AG**-groupoid 
S , then f ot g or g oy f is a fuzzy T-bi-ideal of S . 

Proof. Clearly f og is a fuzzy F-AG-subgroupoid. Now using lemma |3l (1), (4) and 
(2), we have 

((/ °r g) Or S*) Or (/ Or 5) = ((5 or 5) or /) or (/ or g) 

C ((5 Or 5) Or /) Or (/ Or 5) 
= (5 Or /) Or (/ Or g) 
= (.9 °r /) Or (/ Or S) 
= ((/ Or S*) Or /) Or .9 C (/or g). 

Similarly we can show that g o / is a fuzzy F-bi-ideal of S. □ 

Lemma 10. The product of two fuzzy T-left (right) ideal of a T-AG** -groupoid S 
is a fuzzy T-left (right) ideal of S. 

Proof. Let / and g be any two fuzzy F-left ideals of S, then by using (3), we have 
S Or (/ Org) = f or (S or g) C / or g. 
Let / and g be any two fuzzy F-right ideals of 5, then by using (2), we have 
(/ Or g) Or S* = (/ or g) or (S or S) = (/ or S) or (g S) C f or g. 

□ 
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4. r-FUZZIFICATION IN INTRA-REGULAR, T- AG**-GROUPOIDS 

An clement a of a r-AG-groupoid S is called an intra-regular if there exists x, 
y £ S and ,5,7, C G T such that a = {xj3{a£,a))^y and S is called intra-regular if 
every element of S is intra-regular. 

Note that in an intra-regular F-AG-groupoid 5, we can write S ot S = S. 

Example 5. Let 5 = {1, 2, 3, 4, 5} he an AG-groupoid with the following multipli- 
cation table. 





a 


b 


c 


d 


e 


a 


a 


a 


a 


a 


a 


b 


a 


b 


b 


b 


b 


c 


a 


b 


d 


e 


c 


d 


a 


b 


c 


d 


e 


e 


a 


b 


e 


c 


d 



Let r = {1} and define a mapping SxTxS^S hy xly = xy for all x, y e S, 
then 5 is a r-AG**-groupoid because {xly)lz = {zly)lx and xl{ylz) = yl{xlz) for 
all x,y,z e S. Also S is an intra-regular because a = {bl{ala))la, b = {cl{blb))ld, 
c = {cA{cAc))ld, d = {cA{dld))le, e = (cl(ele))lc. 

It is easy to observe that {a, b} is a F-two-sided ideal of an intra-regular F-AG**- 
groupoid S. 

It is easy to observe that in an intra-regular F-AG-groupoid S, the following 

holds 

(5) s = srs. 

Lemma 11. A fuzzy subset f of an intra-regular T-AG-groupoid S is a fuzzy T-right 
ideal if and only if it is a fuzzy T-left ideal. 

Proof. Assume that / is a fuzzy F-right ideal of S. Since S is an intra-regular 
F-AG-groupoid, so for each a € S there exist x,y € S and /3,^,7 G F such that 
a = {xl3{a^a))jy. Now let a e F, then by using (1), we have 

fiaab) = f{{{xp{a^a))^y)ah) = f{{b^y)a{xp{a^a))) > f{h^y) > f{h). 

Conversely, assume that / is a fuzzy F-left ideal of S. Now by using (1), we have 

f{aah) = f{{{xfi{a^a))^y)ab) = f{{bjy)a{x^{a^a))) 

> f{xfi{a^a)) > fia^a) > f{a). 

□ 

Theorem 3. Every fuzzy T-left ideal of an intra-regular T-AG**-groupoid S is 
T-idempotent. 

Proof. Assume that / is a fuzzy F-left ideal of S, then clearly forfQSopfCf. 

Since S is an intra-regular F-AG-groupoid, so for each a E S there exist x,y E S 
and /3,7,$ € F such that a = {xf]{a^a))^y. Now let a G F, then by using (3) and 
(1), we have 

a = {xl3{a^a))^y = {al3{x^a))^y = {yf3{x^a))^a. 

Thus, we have 

(/°r/)(a) = V {f{y(3{x^a))Afia)}>f{yp{x^a))Af{a) 

> f{a)Af{a) = f{a). 
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□ 

Corollary 2. Every fuzzy T-two-sided ideal of an intra-regular T-AG** -groupoid S 
is T-idempotent. 

Theorem 4. In an intra-regular T-AG** -groupoid S, f C] g = f °r g for every fuzzy 
T -right ideal f and every fuzzy T-left ideal g of S. 

Proof. Assume that S is intra-regular r-AG**-groupoid. Let / and g be any fuzzy 
F-right and fuzzy F-left ideal of S, then 

/°r<7^/°r'S'C / and f or g^Soi^gCg which implies that f o-^ g Q f r\ g. 

Since S is an intra-regular, so for each a £ S there exist x,y G S and /3,^,7 £ F 
such that a — {xl3{a^aj)jy. Now let V G F, then by using (3), (1), (5) and (4), we 
have 

a = {xl3(a^a))jy = {af3{x£,a))jy = {yl3(x£,a))ja 
= {{uipv) l3 {x^a))^a — {{a'ipx)f5{v^u))ja. 

Therefore, we have 

iforg){a) = V {f{ia^|Jx)/3iv^u))Agia)} 

a—{{atpx)^{v^u))'ya 

> f{{aiJx)l3{v^u))Ag(a) 

> /(a)Ag(a) = (/ng)(a). 

□ 

Corollary 3. In an intra-regular T -AG** -groupoid S, fC\g — forg for every fuzzy 
T -right ideal f and g of S. 

Theorem 5. The set of fuzzy V -two-sided ideals of an intra-regular T-A G** -groupoid 
S forms a semilattice structure with identity S . 

Proof. Let Ir be the set of fuzzy F-two-sided ideals of an intra-regular F-AG**- 
groupoid S and /, g and /i e Ir, then clearly Ir is closed and by coroUory [2] and 
coroUory [H we have f = f or f and f or g — f 9, where / and g are fuzzy 
F-two-sided ideals of S. Clearly f g = g or f, and now by using (1), we get 
(/ °r g) °r h — {h °r g) °r f ~ f °r (.9 °r h)- Also by using (1) and lemma [TJ we 
have 

/ Or 5* = (/ Or /) Or 5* = (5" Or /) Or / = / Or / = /. 

□ 

A fuzzy F-two-sided ideal / of a F-AG-groupoid S is said to be a F-strongly 
irreducible if and only if for fuzzy F-two-sided ideals g and h oi S, gDh C_ f implies 
that g Q f or h C f. 

The set of fuzzy F-two-sided ideals of a F-AG-groupoid S is called a F-totally 
ordered under inclusion if for any fuzzy F-two-sided ideals / and g of S either f ^ g 
or g C f. 

A fuzzy F-two-sided ideal ft, of a F-AG-groupoid S is called a F-fuzzy prime ideal 
of S, if for any fuzzy F-two-sided / and g of S, f o-p g C h, implies that / C ft, or 
gCh. 

Theorem 6. In an intra-regular T-AG** -groupoid S, a fuzzy T-two-sided ideal is 
T-strongly irreducible if and only if it is T-fuzzy prime. 
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Proof. It follows from corollory[3l □ 

Theorem 7. Every fuzzy T -two-sided ideal of an intra-regular T -AG** -groupoid S 
is T -fuzzy prime if and only if the set of fuzzy T -two-sided ideals of S is T -totally 
ordered under inclusion. 

Proof. It follows from corollory[3l □ 

Theorem 8. For a fuzzy subset f of an intra-regular T- AG** -groupoid, the follow- 
ing statements are equivalent. 

{i) / is a fuzzy F-two-sided ideal of S. 
(ii) / is a fuzzy F-interior ideal of S. 

Proof, (i) (ii) : Let / be any fuzzy F-two- sided ideal of S, then obviously / is 
a fuzzy F-interior ideal of S. 

(ii) (z) : Let / be any fuzzy F-interior ideal of S and a, b G S. Since S is 
an intra-regular F-AG-groupoid, so for each a, 6 G S* there exist x,y,u,v £ S and 
/?, ^, 7, 5, -0, G r such that a — {xl3{a^a))jy and b — {ud{bipb))r]v. Now let a, 6 F, 
thus by using (1), (3) and (2), we have 

fiaab) = f{{xf3{a^a))^y)ah)^f[[b-fy)a{xP[a^a))) 

= / {{b^y) a {aP {x^a))) = f {(bja) a {yp (x^a))) > f {a) . 

Also by using (3), (4) and (2), we have 

/ {aah) = f {aa {{uS{b^pb)) rjv)) = f {{uS{bipb)) a {arjv)) ~ f {{bS{uTpb)) a {arjv)) 
= f {{v5a) a {{uijb)T]b)) = / {{uijb)a {{vSa) f]b)) > f(b). 

Hence / is a fuzzy F-two- sided ideal of S. □ 

Theorem 9. A fuzzy subset f of an intra-regular T-AG** -groupoid is fuzzy T -two- 
sided ideal if and only if it is a fuzzy T- quasi ideal. 

Proof. Let / be any fuzzy F-two-sided ideal of S, then obviously / is a fuzzy F-quasi 
ideal of S. 

Conversely, assume that / is a fuzzy F-quasi ideal of S, then by using corollory 
[2] and (4), we have 

/ °r S" = (/ Or /) Or {S op S) = {S op S) or (/ or /) = S f. 

Therefore / or = (/ or S") n {S or /) C /. Thus / is a fuzzy F-right ideal of S 
and by lemma [11] / is a fuzzy F-left ideal of S. □ 

Theorem 10. For a fuzzy subset f of an intra-regular T-AG** -groupoid S*, the 
following conditions are equivalent. 

(i) / is a fuzzy F-bi-ideal of S. 

(ii) / is a fuzzy F-generalized bi-ideal of S. 

Proof, (i) => {ii) : Let / be any fuzzy F-bi-ideal of S, then obviously / is a fuzzy 
F-generalized bi-ideal of S. 

(ii) ^ (i) : Let / be any fuzzy F-generalized bi-ideal of S, and a, 6 G 5. Since 
S is an intra-regular F-AG-groupoid, so for each a G S* there exist x,y G S and 
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/3, 7, ^ G r such that a = {xl3{a^a))^y. Now let a, 6, 6 T, then by using (5), (4), (2) 
and (3), we have 

= f{{{vPu)l{{<ci)5x))ab) = f({(a(,a)^{{vPu)5x))ah) 

= f{{{x^{v(3u))5{a^a))ab) = f{{a6{{xj{vpu))^a))ab) > f{a) A f{b). 

Therefore / is a fuzzy bi-ideal of S. □ 

Theorem 11. For a fuzzy subset f of an intra-regular T-AG** -groupoid S, the 
following conditions are equivalent. 

(i) / is a fuzzy F-two- sided ideal of S. 

(ii) / is a fuzzy F-bi-ideal of S. 

Proof, (i) (m) : Let / be any fuzzy F-two- sided ideal of S, then obviously / is 

a fuzzy F-bi-ideal of S. 

{ii) {i) : Let / be any fuzzy F-bi-ideal of S. Since S is an intra-regular F-AG- 
groupoid, so for each a,b £ S there exist x,y,u,v £ S and 13, ^, 7, 5, V', ?? € F such 
that a = {xf3{a£_a))jy and b = {u6{bipb))riv. Now let a G F, then by using (1), (4), 

(2) and (3), wc have 

fiaab) = f{{{xP{a^a))jy)ab) = f{{bjy)a{xP{a^a))) 

= f{{{a^a)^x)a{ym = f{{{ypb)^x)a{aS,a)) 

= f{{a^a) aix^vm) = /(((a;^(?//36))7«) 

= f{{{xaymiii^PHa))^y))aa) 

= f{{{x(3{a^a))^{{xaydb))-,y))aa) 

= f{{{yP{xaymhi«a)^^)hci) 
= f{{{a^a)j{{yP{xaymh^)ha) 
= f{{{x^{yP{xaym))l{aio))aa) 
= f{{a^{{x^{yP{xi{ym))lo))aa) 
> f{a)Af{a) = f{a). 
Now by using (3), (4) and (1), we have 

f{aab) = f{aa{uS{bijjb))r]v) = f{{uS{bipb))a{ariv)) = f {{v6a)a{(b'tjjb)r]u)) 
= f{{b^pb)a{{v5a)i]u)) ~ f{{{{vSa)r]u)ipb) ab) 
= f{{{{vSa)riu)'ip{{u6{bipb))riv)) ab) 
= f{{{u6(bipb))ip{{{vda)riu)rjv))ab) 
= f{{{vS{{vda)r]u))'ip{{b'tjjb)riu)) ab) 
= f {{{b^jb)tjj{{v5{{v5a)r)u))r]u)) ab) 
= f{{{u'il){v5{{vSa)riu)))'ijj{br]b))ab) 
= f{{btp{{uip{v5{{v5a)T]u)))r]b))ab) 
> f{b)Af{b) = f{b). 

□ 



Theorem 12. Let f be a subset of an intra-regular T-AG** -groupoid S, then the 
following conditions are equivalent. 
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(z) / is a fuzzy F-bi-ideal of S. 

{ii) (/or 5) or/ = /and/or/ = /. 

Proof, (i) (ii) : Let / be a fuzzy F-bi-ideal of an intra-regular r-AG**-groupoid 
S. Let a e A, then there exists x,y G S and /3, 7, ^ G F such that a = {xl3{a^a))'yy. 
Now let a G F, then by using (3), (1), (5), (4) and (2), we have 

a = {xP{a^a))jy = {a/3{x^a))jy = {yf3{x(,a))'ya = (y/3{x(,{{x/3{a^a))-fy)))-fa 

= {{uav)l3{x^{{al3{x^a))jy)))ja = {{{{aj3(x(^a))^y)ax)j3{v^v))^a 

= {{{x'yy)a{aP{x^a)))P{vyu))-^a = {{aa{{xjy)f3{x^a)))P{vyu))-ya 

= {{aa{{x'yx)p{y^a)))p{v'yu))ja = {{{vau)P{{x'yx)p{y^a)))'ya)'ya 

= ( ( {vau)P{{xjx)P{y^{{xP {a^a))'y{uav)) ) ))'ya)'ya 

= {{{vau)l3{{x^x)l3{y^{{vl3u)j{{a(_a)ax)))))ja)ja 

= {{{vau)/3{{xjx)f5{y£^{{ai^a)j{{v/3u)ax)))))ja)aa 

= {{{vau)/3{{xjx)P((a£^a)S^{y^{{vl3u)ax)))))ja)ja 

= {{{vau)(3{{a£,a)P{{x'yx)£,{y'y{{vPu)ax)))))ja)ja 

= {{{a^a)p{{vau)P{{x'yx)^{yj{{vPu)ax)))))'ya)'ya 

= {{{{{x'yx)^{yj{{v0u)ax)))^{vau})P{aPa))'ya)'ya 

= {{aP{{{{x'yx)^{y-f{{v(3u)ax)))^{vau))Pa))'ya)'ya = (^70)70 

where p = ap{{{{x'yx)^{y'y{{vPu)ax)))^{vau))Pa). Therefore 



{{f or S) or f){a) = \/ {(/ or 5)(pa) A /(a)} > \/ {/(p) or S(a)} A /(a) 



Now by using (3). (1), (5)and (4), we have 

a = {xf3{a^a))-yy = {a/3{x^a))-yy = {y/3{xS,a))-^a 

= {yl3ix£,i{xl3{a^a))-f{uav))))-fa = {y(3{x^{{v(3u)'y{{a£,a)ax}}}}ja 

= {yP{x^{{a^a)^{{vpu)ax))))^a = {yP{{a£,a)^{x^{{vl3u)ax))))^a 

= {{a^a)P{y^{x^{{vpu)ax))))^a = {{{x^{{vPu)ax))£,y)l3{a£,a))^a 

= {ap{{x'y{{vPu)ax))^y))'ya = {aPp)^a 

where p = {{x'^{{v(5u)ax))^y). Therefore 




> {f{am{xix)ayi{{vlin)axm{vau))pa)) A S{a)} A /(a) 

> /(a)AlA/(a) = /(a). 



((/°r5)o/)(a) = V {(/or5)(a^p)A/(a)} 




V {/(a) A 1 A /(a)} = \/ /(a) A /(a) 




< 



V f{{ap{{x^{{vpu)axUy))-ia) = f{a). 
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Thus (/ or S) OY f ~ f. As we have shown that 

a = {{al3{{{{x^x)^{yj{{vl3u)ax)))^{vau))l3a))ja)ja. 
Let a = prfa where p ~ (a/3{{{{xjx)^{y^{{vPu)ax)))^{vau))/3a))ja. Therefore 
{/°r/)(a) = V {f{{am{^imyi{ivl3u)axm{vau))l3a)ha)Af{a)} 

a—p-ya 

> /(a) A /(a) A /(a) = /(a). 
Now by using lemma [H we get f °r f — f- 

[ii) =^ (i) : Assume that / is a fuzzy subset of an intra-regular r-AG**-groupoid 
S and let ;3, 7 e F, then 

f{{xpa)iy) = {{f or S) or mx(3a)jy) = \/ {{f or S){xa) A f{y)} 

{xl3a)yy={xl3a)iy 

> V {f{x)AS{a)}Af{y)>f{x)AlAf{y)^fix)Afiz). 

xf3a—xl3a 

Now by using lemma [U / is fuzzy F-bi- ideal of S. □ 

Theorem 13. Let f be a subset of an intra-regular T-AG** -groupoid S, then the 
following conditions are equivalent. 

(i) / is a fuzzy F-interior ideal of S. 
(a) {S Or /) Or 5 = /. 

Proof, (i) ==> (ii) : Let / be a fuzzy F-bi-ideal of an intra-regular F-AG**-groupoid 
5. Let a G yl, then there exists x,y € S and l3,j,^ S F such that a — {xj3{aS^a))^y. 
Now let a G F, then by using (3), (5), (4)and (1), we have 

a = {xl3{a£,a))^y = {a(3{x^a))'^y = {{uav)l3{x^a))'^y 
— {{aax)l3{v£,u))jy — {{{v£,u)ax) l3a)^y . 

Therefore 

((^or/)or5)(a) = \/ {(5 op /)((«u)ax)/3a) A 

a={{{v(,u)cyx)l3a)ry 

> V {{S{{v^u)ax) A /(a)} A 1 

({v^u)ax)f3a — {{v$^u)a.x)l3a 

> lA/(a)Al = /(a). 

Now again 

{{Sorf )orS)ia) = \/ {{S or f^xPia^a)) A Siy)} 

a=(xP(a(,a))^y 

= V ( V ^ ) ^ ^(y) 

a={xl3(aia))-,y \(a;/3«a)) = (x/3«a)) / 

V {lA/(aea)Al}- \J f{a^a) 

a=(xfi(a(,a))^y a=(xf3(a^a))^y 

< V f{{xma)hy) = fia). 

a={xl3{a(,a))-iy 

Hence it follows that {S op f) or S = f. 
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(m) (z) : Assume that / is a fuzzy subset of an intra-regular r-AG**-groupoid 
S and let /?, 7 G F, then 

fiixMiy) = as or f) or S){{xl3a)^y) ^ \/ {(5 or /)(a;/3a) A ^(y)} 

> V mx)Af{a)}ASiy)>fia). 

x^a—xpa 

□ 

Lemma 12. Let f be a fuzzy subset of of an intra-regular T-AG** -groupoid S, then 
S or f = f = f or S. 

Proof. Let / be a fuzzy F-left ideal of an intra-regular r-AG**-groupoid S and let 
a G S, then there exists x,y ^ S and /3,7,C € F such that a = {xl3{a^a))^y. 
Let a € F, then by using (5), (4) and (3), we have 

a ~ {xl3{a^a))jy — {xl3{a^a))j{uav) — {v /3u)j{{aS^a)ax) = {a£,a)jiiv l3u)ax) 
— {x^{vl3u))j{aaa) = aj{{x£,{vpu))aa). 

Therefore 

{forS){a) = V {f{a)AS{{xavPu))aa)} 

a—a'y({x^{v^u))a.a) 

V {/(«)A1} 

a—a'y({x^{v^u))oia) 

V = /(«)• 

a=a({x(ye))a) 

The rest of the proof can be followed from lemma [TJ □ 

Theorem 14. For a fuzzy subset f of an intra-regular T-AG** -groupoid S, the 
following conditions are equivalent. 

(i) / is a fuzzy F-left ideal of S. 
(a) / is a fuzzy F-right ideal of S. 
(Hi) / is a fuzzy F-two-sided ideal of S. 

(iv) / is a fuzzy F-bi-ideal of 5*. 

(v) / is a fuzzy F-generalized bi- ideal of S. 

(vi) / is a fuzzy F-interior ideal of S. 

(vii) / is a fuzzy F-quasi ideal of S. 
[via) S Or f = f = f Or S. 

Proof, (i) {via) : It follows from lemma [T2l 
{via) =^ {vii) : It is obvious. 

(vii) =4> (vi) : Let / be a fuzzy F-quasi ideal of an intra-regular F-AG**- 
groupoid S and let a e S", then there exists b,c Q S and /3,7,C G F such that 
a = {bf5{a£^a))^c. Let (5,77 G F, then by using (3), (4) and (1), we have 

{x5a)rjy = {x6{bj3{a£,a))jc)r]y — {{bl3{a£,a))S{xjc))riy 
= {{cl3x)5((a£,a)'yb))i]y = ((a£,a)5((c/3x)jb))T]y 
= {yS{{c(3x)jb))r]{a£,a) = ar]{{y5{{cl3x)'jb))£,a) 
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and from above 

{x6a)r]y = {yS{{cl3x)'yb))j]{a^a) = {aSa)T]{{{cPx)jb)^y) 

Now by using lemma [T2l we have 

f{{x6a)rjy) = {{f or S) n {S or fMx6a)r^y) 

= if °r S){{x6a)T]y) A {S op f){{x5a)-qy). 

Now 

(/ or 5)(Ma)w) = V {/(a) A Ss{{y5{{cPx)^b))ia)] > f{a) 

(x5a)riy=ari{{yS((cl3x)^b))S,a) 

and 

{Sorf){{x5a)m)= \/ {Smcl3x)lb)Cy)Sa) A /(a)} > fia). 

{x5a)riy=({({cx)b)y)a)a 

This implies that f{{xSa)riy) > f{a) and therefore / is a fuzzy F-interior ideal 
of 5. 

(vi) =^ (v) : It follows from theorems 151 [TT] and [TUl 
(v) (iv) : It follows from theorem [TUl 
(iw) =^ [Hi) : It follows from theorem [TT] 

{Hi) => (ii) : It is obvious and {ii) => (i) can be followed from lemma [TT] □ 
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